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$—i ' We consider the universal central extension of the Lie algebra Vect (S 1 )txC°°(S 1 ) 



The coadjoint representation of this Lie algebra has a natural geometric interpre- 
tation by matrix analogues of the Sturm-Liouville operators. This approach leads 
to new Lie superalgebras generalizing the well-known Neveu-Schwartz algebra. 



1 Introduction 

1.1 Sturm-Liouville operators and the action of Vect(S' 1 ). Let us recall 
some well-known definitions (cf. e.g. |§,||). 
Consider the Sturm-Liouville operator: 

L = -2c-^ 2 +u(x) (1) 

where c G R and u is a periodic potential: u(x + 2n) = u(x) G C°°(R). 
Let Vect(S' 1 ) be the Lie algebra of smooth vector field on S 1 : 

ax 

where f{x + 2tt) = f(x), with the commutator 

[f( X )±,g( X )±] = (f(x) 9 '(x) - f'( X )g( X ))±. 

UitjU KAitXj VajJLj 

We define a Vect(S' 1 )-action on the space of Sturm-Liouville operators. 

Consider a 1 -parameter family of Vect(S' 1 ) -actions on the space of smooth 
functions C 00 ^ 1 ): 

a(x) = f(x)a'(x) - Xf(x)a(x). (2) 
Notation. 1) The operator 

£ &a = 'M;£-v<*> 

is called the Lie derivative. 

2) Denote T x the Vect(5 1 )-module structure (g) on C 00 ^ 1 ). 

Definition. The Vect(S l ) -action on L is defined by the commutator with 
the Lie derivative: 

[LfjL, L] := L};P oL-Lo L% (3) 

dx J j t J ( 



d x 
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The result of this action is a scalar operator, i.e. the operator of multi- 
plication by a function: 

[L f(x) jL,L] = f(x)u'(x) + 2f(x)u(x) - cf'"(x) (4) 

Remark. The argument a of the operator (^) has a natural geometric 
interpretation as a tensor- densities on S 1 of degree —A: 

a = a(x)(dx)~ x . 

One obtains a natural realization of the Sturm-Liouville operator as an op- 
erator on tensor-densities: 

L : J-\ — > 

2 2 

(cf. §). 

1.2 The coadjoint representation of the Virasoro algebra. The 

Virasoro algebra is the unique (up to isomorphism) non-trivial central exten- 
sion of Vect(S' 1 ). It is given by the Gelfand-Fuchs cocycle: 

d d f 2n 

C ^^dx ,g(yX ^dx^ = Jo f'^9"( x ) dx ( 5 ) 

The Virasoro algebra is therefore a Lie algebra on the space Vect(S' 1 ) © R 
with the commutator 

[(/»«)» (9,P)) = ([/^]vect(5i)' c (/'^))- 

A deep remark of A. A Kirillov and G.Segal (see 0,0) is: the Vect(S' 1 )- 
action (fjj coincides with the coadjoint action of the Virasoro algebra. 

Let us give the precise definitions. 

Consider the space C°°(S' 1 ) ©R and a pairing between this space and the 
Virasoro algebra: 

d f 27T 
((u(x),c), (f(x)—,a))= / u(x)f{x)dx + ca. 
dx Jo 

Space C°°(S' 1 ) © R is identified with a part of the dual space to the Virasoro 
algebra. It is called the regular part (see (§]). 
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Definition. The coadjoint action of the Virasoro algebra on C 00 (S' 1 ) © R is 
defined by: 

(adlf^ ;a )i.u(x), c), (g-^, (3)) := -((u(x), c), [(/-^-, a), (g^, /?)]) 
It is easy to calculate the explicit formula. The result is as follows: 

ad (f(x)£,a)(. u ( x )> c ) = (( L f(x)± - c f'"( x )> °)> 

where Lj is the operator of Lie derivative (0). This action coincides with 
the Vect(5' 1 )-action (f|) on the space of Sturm-Liouville operators. 

Remark. 1) Note, that the coadjoint action of the Virasoro algebra is in 
fact, a Vect(S' 1 )-action (the center acts trivialy). 

2) The regular part of the dual space to the Viresoro algebra is can be 
interpreted as a deformation of the Vect(5' 1 )-module JF_ 2 . 



2 Central extension of Vect{S l ),C (X) {S l 

Consider the semi-direct product: Q = Vect(S r ) kC°°(5' 1 ). This Lie algebra 
has a 3-dimensional central extension given by the non-trivial 2-cocycles: 

a )' (s£> & ))= Ij'WWdx 

J s 

^((f£, a), (g£ b)) = J si (f"(x)b(x) - g"(x)a(x))dx (g) 

a 3 ((f£ a), (g£ b)) = 2 / a{x)b\x)dx 

J s 

Let us denote Q the Lie algebra defined by this extension. 

As a vector space Q= Vect^S^ixC 00 ^ 1 ) © R 3 . The commutator in Q is: 

[(/^,a,a), (g±, b ,[3)} = ((fg'-fg)-?-, fb'-ga', a) (7) 

where a = (ax, a^, 0:3), f3 = (Pi, P2, P3) G R 3 and a = (<7i, cr 2 , 03) are the 
2-cocycles given by the formula (0). 
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The Lie algebra Q is known in physical literature (see |I|,[0])- It was 
shown in |J that the cocycles (0) define the universal central extension^] the 
Lie algebra VectffixC^S 1 ). This means, H' 2 {Vect{S 1 yC 00 {S 1 )) = R 3 . 

In this paper we define a space of matrix linear differential operators gen- 
eralizing the Sturm-Liouville operators. This space give a natural geometric 
realization of the coadjoint representation of the Lie algebra Q. We hope 
that such a realization can be usefull for the theory of KdV-type integrable 
systems related to the Lie algebra Q as well as for studying of the coadjoint 
orbits of Q (cf. |4]] for the Virasoro case). Remark here that interesting results 
concernig coadjoint orbits of Q has been recently obtained in ||. 



3 Matrix Sturm-Liouville operators 

Definition. Consider the following matrix linear differential operators on 
C oo (5' 1 )©C 0O (5' 1 ): 



/ d 2 
I -2ci 



\ 



2 +U(x) 

ax z 

d i \ 
-2c 2 — + v(x) 
ax 



d 

2c 2 — + vlx) 
ax 

4c, 



\ 



(8) 



where 01,02,03 G R and u = u(x),v = v(x) are 27r-periodic functions. 

The Kect(S' 1 )-action on the space of operators (^) is defined, as in the 
case of Sturm-Liouville operators flU), by commutator with the Lie derivative. 
We consider C as an operator on V A ect(S' 1 )-modules: 



222 



We will show that there exists a reacher structure on the space of op- 
erators (^). Namely, we will define an action of the semi-direct product 
VectiS^KC^iS 1 ). 



Mt makes sense since H^VectiS 1 ) kC 00 ^ 1 )) = 0. 
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3.1 Fect(5' 1 )KC 0O (5' 1 )-module structure 

Let us define a 1-parameter family of Vect(S l ) KC°°(S' 1 )-modules on the space 
C 00 {S 1 )®C 00 {S l ): 



T 



(A) 



J dx 



L^jl^ — Xa'(x)(j)(x 



(9) 



where <j>(x),ij){x) G C^S 1 ). Verify, that this formula defines a Vect(5 ,1 )KC°°(5' 1 ) 
action: 



T 



(A) 



d 



T 



(A) 



d 



(A) 



d 



Definition. Define the Vect(S l )KC°°(S l )-action on the space of the opera- 
tors ffl by: 



T 



(/-£-, a) 
ax 



C 



T 



(-1/2) 



C-C o T 



(1/2) 

CP') 



(10) 



Let us give the explicit formula of this action. 

Proposition 1. The result of the action ([Hp is an operator of multiplication 
by the matrix: 

( fu' + 2f'u-c 1 f'" fv' + fv-c 2 f"^ 
+va' + c^a" +2c^a' 



T 



dx 



C 



\ 



fv' + f'v-c 2 f" 
+2c 3 a' 







(11) 



/ 



Proof: straightforward. 

The following result clarifies the nature of the definition (|10|). It turns 
out that in the case of the Lie algebra Q the situation is analogue to those in 
the Virasoro case: one obtains a generalization of the Kir illov- Segal result. 

Theorem 1. The action fllCp coincides with the coadjoint action of the Lie 
algebra Q. 

We will prove this theorem in the next section. 
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3.2 Coadjoint representation of the Lie algebra Q 

Let us calculate the coadjoint action of the Lie algebra Q. 

Definition. Define the regular part of the dual space Q* to the Lie algebra 
Q as follows (cf. U). Put: Q* reg = C°° (S 1 ) © C°° (S 1 ) © R 3 and fix the pairing 

( , >: Qreg®Q 

((u(x), v(x), 



R: 



d 



f(x)u(x)dx+ / a(x)v(x)dx+a-c, 



dx 

where c = (ci, c 2 , c 3 ), a = (ati, a 2 , 0:3) G R 3 . 

Proposition 2. The coadjoint action of Q on the regular part of its dual 
space Q* eg is given by : 



ad 



(/-£-, a) 
dx 





I 


V 






\ 



fv' + f'v - c 2 f" + 2c 3 a' 




(12) 



where c = (cj, c 2 , C3) (the center of Q acts trivially). 



Proof. By definition of the coadjoint action, (ad* j_ Au, v, c), b)) = 

— ((ix, u,c), [(/^, a), ((p^, 6)]). Integrate by part to obtain the result. 

The right hand side of the formula (|l|) coincides with the action (10 ) of 
the Lie algebra Vect(S 1 )^C 00 (S 1 ) on space of operators 

Theorem 1 follows now from Proposition 1. 

Remark. As a Vect(S' 1 )-module, Q* reg is a deformation of the module 
T-2 © .F-i © R 3 (and coincides with it if c\ — c 2 = 0). Therefore, the dual 
space to the Lie algebra has the following tensor sense: 

u = u(x)(dx) 2 , v = v(x)dx. 

The space of matrix Sturm-Liouville operators (§) gives a natural geo- 
metric realization of the dual space to the Lie algebra Q. 
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4 Generalized Neveu- Schwartz superalgebra 

We introduce here a Lie superalgebra which contains Q as its even part. The 
relation between Q and this superalgebra is the same as between the Virasoro 
algebra and the Neveu-Schwartz superalgebra. We show that the differential 
operator @ appears as a part of the coadjoint action of the constructed Lie 
superalgebra. 

We follow here the Kirillov method (see ||) where the Sturm-Liouville 
operator is realized as the even part of the coadjoint action of the Neveu- 
Schwartz superalgebra. 

4.1 Definition 

Consider the Z 2 -gradued vector space : S = S © Si. where S =Q = 



Vect(5 1 ) © C^iS 1 ) © R 3 and Si = C 00 ^ 1 ) © C 00 ^ 1 ). Define the structure 



where a + = (er+i, 0+2, 0+3) is the continuation of the cocycles (§) to the even 
part of S C S defined by the formulae: 




2 2 






(14) 
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Theorem 2. S is a Lie superalgebra. 

Proof: One must verify the Jacobi identity : 

(-l) ffl [^ [Y, Z)) + (-l) |x||y| [F, [Z,X]) + (-1)™[Z, [X,Y] = 0, (15) 

where \X\ is the degree of X (\X\ = for X G S and \X\ = 1 for X G <Si). 

Let us prove (||) for X, F, Z G Si. Take X = (0,a), F = (ip, (3), Z = 
(r, 7), then: 

( a ) (r,7)]] = _T [(&),(t )7 )] + • 

The expression [(ip, (5), (r, 7)]+ is given by @ one gets: ^^ ^ ^^(0, a) = 
T (Vr^7+/3r)( < / , ) ")- According to (|), 

THl^ +M {^a) = (< 2 (0), L-;j\o) - I(^7 + /3r)'0). 

where Lj?(0) = ^r0' - |(#r + ^r')0 and L; T 1/2 (a) - §(V>7 + /3t)'0 = 
^ra' + |(^T)'a - ±(V> 7 )V - 
In the same way we obtain: 

(6) [ty,/?), [(r, 7 ), = - I (to + 7 )V) 

where L l ^(ip) = <jmf/ - ±(0'r + 0r> and i^ T 1/2 (/3) - \{ra + 7 )V = 
0r/3' + |(0r)'/3 - |(ra)V - |(70)V- 
For the last term one has: 

(c) [(r, 7 ), [(0,a), ty,/?)]] = (L^ 2 (r), L^ /2 ( 7 ) - i(0/? + ^)V) 

where L^ 2 (r) = #t' - 1/2(0V + and L^ /2 ( 7 ) - 1/2(0/5 + ^a)'r = 

(pipy' + 1/2(0V)' 7 - l/2(0/3)V - 1/2(q^)V. 

Taking the sum (a) + (6) + (c) one obtains zero. 

The proof of the Jacobi identity for the other cases is analogue. 

Theorem 2 is proven. 
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Proposition 3. The coadjoint action of S is given by the formula : 

/ r (-%„.>» , .,„/ i _ Cl f" \ 



I J dx 

a 

4>(dx 
\a(dx 











c 












V / 



/ ^) + 2c 3 a' - c 2 f" 





■ (-3/2) 



2c\4>" + ucf) + va + 2c 2 a' 

4" 1/2) (/5) 



where c = (ci, c 2 , c 3 ) fas usual, the center acts trivially). 

Proof: difect calculation using the definition of the superalgebra S. 

In particular, one obtains: 



Corollary. 



ad' 



/o 





v 
c 


Vo/ 



4>(dx) s 
Va((ix)2 / 

This corollary gives the matrix operator 






— 2c 1 (p" + u(p + va + 2c 2 a' 
V -2c 2 0' + w0 + 4c 3 a / 



defined in Section 2. 



The Lie superalgebra S seems to be an interesting generalization of the 
Neveu-Shwartz superalgebra. It would be interesting to obtain some infor- 
mation about its representations, coadjoint orbits, corresponding integrable 
systems etc. 
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